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ABSTRACT
Based on functional relationships established for binary mixes of container media, a
mathematical model is proposed for ternary component mixtures. Shrinkage values are
generated for three-component mixtures based on mathematical equations. Empirically
observed shrinkage values for corresponding three-component mixtures are determined and
used as the basis for assessing the reliability of the proposed mathematical model for
characterizing shrinkage in mixtures of container media. . Regression equations were
developed and compared for both theoretical and empirical results.
Key Words: Three-component mixtures, response surfaces, linear programming
1. INTRODUCTION

Plant growth in containers differs significantly from that which takes place in natural
soil, mainly due to the amount of medium available for the roots, and to the different soilwater relations that arise in container culture. It is consequently necessary in container
culture to substitute what are known as artificial container media for natural soil. The
significant growth that the plant container industry has experienced in the past 5-10 years
has not only resulted in an increased demand for alternative materials but more emphasis
is being placed on improved media formulation for optimum plant growth.
Many materials, either organic or inorganic, can be used in the formulation of
container media (Raviv et al., 1986). Generally, none of these materials, by themselves,
possess the necessary physical and/or chemical properties to support satisfactory plant
growth. Thus, components are mixed in various proportions to achieve a medium
environment which will support plant growth (Matkin et at., 1957). The determination of
the various proportions for the components that provide required physical and/or chemical
properties constitutes what is commonly referred to as a blending problem.
Blending problems can be defined as those where it is desired to achieve certain
technical conditions in a product, which is obtained by mixing different ingredients in a
certain way. The objective is to determine the nature and proportions of the components
that satisfy a linear system of constraint equations on the product, subject to the
minimization of cost or maximization of some benefit. One of the most widely used
methodologies for the solution of a blending problem is linear programming (Chretienne
et at., 1980). Linear programming has been successfully utilized to solve blending problems
in the manufacture of many products, including human food and beverages, animal feed
products, pharmaceuticals, and chemicals.
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In determining the various proportions of container media components, not only are
the materials different but each of the materials has a specific particle size distribution.
When materials with different particle size distributions are mixed, finer particles fill the
pores located between coarser particles, causing a general decrease in total volume. This
phenomenon is knovm as shrinkage of the volume and is generally expressed in percent as
one minus the ratio of the volume of the final mix1ure to the additive volume of the
individual components multiplied by 100. The application of linear programming for solution
of a blending problem for container media requires knowledge of the final volume of the
mixture. Thus, shrinkage and its effects on the system of equations is the main problem in
applying this methodology. A preliminary study on the use of linear programming in soil
mixture formulation was undertaken by Bures, et al. (1988).
Pokorny (1981) proposed the concept of computer selection of container media mixtures,
as opposed to the traditional method which requires laboratory analysis and growth tests of
multiple mi.xes prior to mix selection. Pokornv's (1981) conceDt is based on the
development of estimating equations for bulk density (Pokorny et al., 1986), screen analysis
(Gibson, 1984), water-release characteristics (Nash, 1989), hydrogen-ion activity (Nash and
Pokorny, 1990a) and cation exchange capacity (Nash and Pokorny, 1990b) by which these
properties may be estimated for any given volume mixture of individual components (v/v
ratios). An integral component of many of these estimating equations is a correction value
for shrinkage. Final substrate volume and consequently physical and chemical properties are
contingent upon how much shrinkage occurs when components of different particle sizes are
mixed (Nash and Pokorny, 1990c).
-'

' /

J.

Shrinkage curves for binary container mi.xtures have been developed (Nash and
Pokorny, 1990c). Except for those blends where particle size distribution of components is
similar (no apparent shrinkage), shrinkage follows a bilinear pattern, in the shape of an
inverted V, with maximum shrinkage at the 1:1 v/v ratio and minimal (zero shrinkage) at the
1:0 and 0:1 v/v ratios. An estimating equation for binary mixtures has been devised and
tested (Bures and Pokorny, 1991) with the functional relationship being dependent only on
the point where maximal reduction in bulk volume occurs. This opened the possibility of
developing a model for 3-component (ternary) mixtures. The objective of this study was to
develop a theoretical model for characterizing shrinkage in ternary mix1ures of container
media and test the validity and reliability of the proposed theoretical model.

2. THEORETICAL VERSUS EXPERIMENTAL MODEL

Linear equations accounting for shrinkage in ternary mixtures are based on the fact
that if maximum shrinkage is obtained when 50% by volume of each of two components are
blended, incorporation of an additional quantity of either component to the mixture will
result in less shrinkage than the maximum. Furthermore, with a linear model and
considering that the critical diameter ratio between particle sizes of the components is
seldom obtained, this should also hold true when a third component is incorporated into the
mixture.
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A theoretical model for estimating shrinkage for three components is proposed. Given
three components (i), where i = 1, 2, 3 and the quantities (~) denoting the volume
proportion of each component such that ~ ~ 0 and Xl + x2 + X3 = 1.0, then the amount of
shrinkage for a mixture of three components is given by the following set of equations:
If Xl > 0.5,

S = 2 ( x2 Smaxl2 + X3 Smax13

)

(1)

If x2 > 0.5,

S = 2 ( Xl Smaxl2 + X3 Smax23

)

(2)

If X3 > 0.5,

S = 2 ( Xl Smax13 + X2 Smax23

)

(3)

If Xl and x2 and X3

$

0.5,
3 3

S = 2 ~ ~ Xo Sm~o - ( Smaxl2 + Smax l3 + Smax23 )
l=FJ 1
J

( 4)

where
S
Sm~j

= percent shrinkage of the ternary mixture and
= maximum

shrinkage (%) in a binary mixture when 1:1 v/v of each of the
components i and j are blended (i = 1,2,3; j = 1,2,3; i ;!oj).

The requirement Xl + x2 + X3 = 1.0 is a fundamental restriction for the simplest case
of a mixture experiment (Cornell, 1990). This restriction appears to be a contradiction in
this study, for when shrinkage is considered, the sum of the quantities of each of the
components is not equal to 1.0. To circumvent this limitation in linear programming
applications, shrinkage is considered to be a response value that is dependent upon
component proportion.
A simplex coordinate system can be utilized for rOepresenting the values of the x/s
for three-component mixture experiments (Cornell et ai., 1983). The coordinates can be
plotted on triangular graph paper which has lines parallel to the three sides of an equilateral
triangle (Figure 1). The vertices of the triangle represent individual components while the
interior points of the triangle represent mixture blends in which all of the component
proportions are nonzero, that is ~ > 0 for i = 1, 2 and 3. The centroid of the triangle
corresponds to the mixture having equal proportions (1/3,1/3,1/3) of each of the components.
Regression equations used to represent the functional relationship between the
response measured and the ingredient proportions in mixture experiments differ from the
ordinary regression problems (Cornell, 1990). Since the proportional components sum to
1, the ordinary regression model for representing the functional relationship between
shrinkage and the component proportions would be over parameterized. Thus, the following
reparameterized quadratic and special cubic statistical models are used for representing this
functional relationship:
Quadratic:
(5)
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Special cubic:

where
E(Y) = expected value for shrinkage (%)
Xi = component proportions (0 :5 Xi :5 1)
Bi, Bij , and Bijk = regression coefficients to be estimated

The G3D procedure of SAS/GRAPH (SAS Institute Inc., 1987) was used for
generating three-dimensional response surfaces for fitted equations.
To plot
three-dimensional surfaces, a linear transformation was performed on the simplex coordinate
system (Xl' X2; x3) converting it into a two-dimensional Cartesian coordinate system (V l' VJ
(Cornell et al., 1983).
Sand (particles 0.42 to 0.60 mm dia.), pine bark (particles 1.00 to 2.00 mm dia.), and
calcined clay (particles 2.38 to 4.75 mm dia.) were used to formulate test media for assessing
the reliability of the proposed mathematical model. The experimental region corresponds
to Figure 1 and represents all possible combinations of sand (Xl)' pine bark (x2), and
calcined clay (X3)' The experimental design points consisted of a randomized complete block
with 5 replicates for each of the 66 possible medium combinations where Xi = 0 to 1.0 in
increments of.1 for i = 1, 2 and 3.
Component bulk density was calculated using the procedure of Pokorny and Henny
(1984). Mixtures were prepared by measuring the corresponding volume of each component
so that the sum of the additive volumes was equal to 1.0. Shrinkage was determined using
the methodology of Nash and Pokorny (1990c). Twenty replicates were used to characterize
shrinkage (%) at 1:1 v/v for each of the three binary combinations (Table 1).
Table 1. Measured shrinkage (%) of 1:1 v/v binary container medium mixtures.

Qhr;T"'Ikf")

Binary Medium
Mixture

Notation

Sand - Pine Bark

Smax 12

7.83

Pine Bark - Calcined Clay

Smax23

3.00

Sand - Calcined Clay

Smax 13

10.61

J I l l 111

(%)
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Utilizing the shrinkage at the 1:1 v/v for each pair of the three binary combinations,
theoretical values were generated from equations 1-4 and are characterized in the
experimental design space shown in Figure 2. Empirical results of the observed mean values
for the randomized complete block design are characterized likewise in the experimental
design space shown in Figure 3. Fifty-nine of the 66 experimental mean values were greater
than their corresponding theoretical values. Under a null hypothesis of no difference
between the experimental and theoretical values, a regression of the experimental values as
a function of the theoretical values would require a zero intercept and unit slope. Estimates
of the parameters from the regression analysis resulted in an intercept of 1.25 and slope of
1.17 with observed significance levels of P=.OOOI and P=.OOOl, respectively. The significant
intercept indicates a possible positive bias between the difference in experimental and
theoretical values. However, the slope coefficient indicates that this bias may not be
constant over all experimental combinations of components.
Table 2 shows the results of regression equations 5 and 6 applied to both theoretical
and experimental values with both the quadratic and special cubic polynomial equations
providing good fits. Although the special cubic equations only provide a slight improvement
in the goodness of fit, the term B123 of the special cubic polynomial is significant (P < .05) for
both models. Comparing the special cubic polynomials for the theoretical and experimental
models reveals major differences in the estimates of the B123 coefficients. This provides
further evidence that the difference between the experimental and theoretical shrinkage
values is not constant over all combinations of the three components. The response surfaces
from the fitted equations for the special cubic polynomial are presented in Figure 4 which
clearly shows the larger magnitude of the experimental shrinkage values.
Table 2. Regression equations for estimating shrinkage response for theoretical and
experimental responses.

Model

Equation

Quadratic
Experimental
Theoretical

Y = -1.59x1-2.48x2+2.Olx3+40.43xIX2+46.18xIX3+ 15.56x2x3
Y = -O.75xcO.75x2-0.75x3+27.39xlX2+37.10xlX3+ 1O.49x2x3

0.847
0.831

Y = -1.15xl-2.05x2+2.44x3+36.82xIX2+42.57xIX3+11.95x2X3
+31.57x1xZX3
Y = -1.02x1 -1.02xz-1.02x3+29.61xIX2+39.32xIX3+12.71xzx3
-19.44x1xZx3

0.852

Special Cubic
Experimental
Theoretical

0.834

• R Z is defined as 1.0 minus the ratio of the residual sum of squares to the corrected total
sum of squares.
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3. CONCLUSION

Equations for estimating shrinkage can be introduced into computer programs which
allow for computer-design and selection of container media mixtures. These equations could
either be based on a experimental regression model or derived from a theoretical model,
assuming the adequacy of the theoretical model. At this point in time, we must question the
complete adequacy of the theoretical approach in estimating shrinkage for container media
mixtures. However, the results shown do not exclude its applicability from the practical
point of view, giving an approximation to experimental shrinkage that is currently lacking
and that could be considered and easily applied in computerized container media design.
Also, one should be cognizant that shrinkage values for the theoretical model are
based solely on three laboratory measurements: the maximum shrinkage between the three
binary combinations (sand - pine bark, sand - calcined clay, pine bark - calcined clay). These
three determinations are easy and fast to obtain for any combinations of materials, saving
a considerable amount of laboratory time when compared to the 66 determinations fbr the
experimental model.
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Figure 1. Experimental design space for three-component
mixture.
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Figure 2. Theoretical shrinkage values for mixtures of
bark, sand and calcined clay.
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